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SPACE MOTIONS WITH THE LINEAR FIELD
OF VELOCITY WITHOUT DIVERGENCE

S.V. KHABIROV

Abstract. We obtain the formulae defining all possible motions of continuous medium
without divergence and with the linear field of the velocity. The field is either linear w.r.t.
the time or the matrix has constant singular numbers.
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INTRODUCTION

In classification of solid state motions with a linear field of velocity [1, 2|, there appear a
special case of motion without divergence when the divergence of the velocity vanishes. One
deals with an overdetermined system of ordinary differential equations and its compatibility is
to be studied. For the general motion, this situation corresponds, for instance, to the solutions
of compressible liquid equations with zero divergence [3]

i+ (- V)i+p 'Vp=0, V-i=0,
pe+u-Vp=0, p+u-Vp=0, (0.1)
where @, p and p are the velocity, pressure and density. System (0.1) is valid for each state
equation determining the entropy. In the spatial case, overdetermined system (0.1) is not
reduced to involution and the arbitrariness in solutions is not known (how to impose initial
data).

Physical meaning of solutions with zero divergence is as follows: given a bounded volume,
the inflow of the liquid equals to the outflow.

Plane motions without divergence in a linear field of velocity are listed in [4]. The aim of
this work is to find all solutions to equations (0.1) with linear field of velocity in the spatial
case. As in the planar case, we obtain solutions with linear in time matrix or the matrix has
constant singular numbers.

1. EULER AND LAGRANGE DESCRIPTION OF MOTION WITH LINEAR FIELD OF VELOCITY

Solutions to system (0.1) with linear field of velocity
U= A(t)T + tp(t) (1.1)
define an Euler submodel of the overdetermined system of ordinary differential equations
trA=0, A+A’=B, B +A"B+BA=0,
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iy + Atlg = a, a + ATd@+ Biip = 0. (1.2)
Lagrange variables t, 5 are introduced as solution to the problem
7= AT+, Tto) = ¢, (1.3)

and are defined by the formulae
T=a(t) + M), Mto) =1, olto) = 0. (1.4)

Here [ is the unit matrix. Identities (1.3), (1.4) imply the formulae for matrices A, B and
vectors g, @ in terms of matrix M and vector zg:

A=MM™", B=MM",
iy =Ty — M'M %y, da=a)— M M '7.
Equations (1.2) yield the equations of Lagrange submodel
M*M" =C =Sy+FE<dy> Mij=¢ |M| =1, (1.5)

where C' and ¢ are constant matrix and vector as a result of integration, Sy = |s;|| and
E < &y > are symmetric and anti-symmetric part of matrix C. Here we have employed the
identity

M| = |Mltx(M'M™).
Initial conditions to system (1.5) read as

M(to) = I, M/(to) =M =5 +FE<d >, trS; = 0, (16)

where S; and E' < &; > are symmetric and anti-symmetric parts of matrix M;. Anti-symmetric
matrices are defined via vectors by the formula

32
0 —wj wj

E<di>=| w} 0 —w!
—w? wl 0

In Lagrange variables, equations (0.1) become
pe=0, p=0, Vep=—p(§)(CE+0). (1.7)
The compatibility conditions of system (1.7) are as follows:
Vep X (Sof + &+ o X €) = 2pDp.
It yields the equations for a motion with a variable density
Do Vep =0, Vepx (Sof + &)+ &(€- Vep—2p) =0, (1.8)
Vep(@o- (Sl€+3) =0 =  Sode=0, @& -c=0. (1.9)
If &y = 0, by equations (1.8) and (1.7) we get the expressions for the density and pressure
p=P(J), p=PR—P()), J=2"C5E+c €

Hereinafter Py is a constant, P(.J) is an arbitrary function.
If &y # 0, for instance, w} # 0, the scalar equation in (1.8) has the general solution

p:p(&aﬂ)a 04252_("}(2)(("1(1))71517 ﬂzfg_wg(w(l))ilfla
and vector equation (1.8) is reduced to

pa(c” + (s + wi)a + 5538) + pa(—c* = sypa — (535 — wp)B) = —2wpp. (1.10)
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If A = 59,89 — (s93)% + (wj)? # 0, it is possible to shift independent variables a, 3 by constants
Qo 60
a=o+ay B=p+ o,
oo = AT (P (533 —wp) — €sg),  Bo = DTN (sh3 + wp) — P53y)
so that equation (1.10) admits a uniform dilation w.r.t. variables o; and f;. Introducing

then an invariant K = ;a; " as a new independent variable together with a;, we obtain an
integrable equation. Its solution and the solution to equation (1.7) are represented as

p = R"(J)exp(2w} / P YK)dK), J=aiP(K)exp(2w} / P HK)dK),

P(K) = 83, K? + 259, K + 595, p=Py+R(J)—JR(J), R'>0, (1.11)
where R(J) is an arbitrary function.
If (895) (895 —wi) = 8%3(895 + wd) ™t = A # 0, the change K = o+ ) leads us to integrable
equation (1.10). Its solution and the solution to equation (1.7) read as

JP'(J . - -
P = 2w1K—|—i3 )_ A2’ J = |2W3K+CS - )\02| exp(8 + 2 1(w(1)) 1382[(),
0
p="Po—P(J), n=4"(w)) (sl +wh)e — shc?). (1.12)

If A =0, s33 =0, 55 = wj, formulae (1.12) remain true in this case as well.
For a constant density, it follows from (1.7) that

o =0, pZPO—P0(5'5+g'505-

Thus, formulae for the density and the pressure are obtained in terms of Lagrange variables.

2. SOLUTIONS WITH LINEAR MATRIX OF LINEAR FIELD OF VELOCITY
If C'= 0, then matrix M is linear in time ¢ (t, = 0)
M =T+ tM,.

Equation |[M| = 1 implies the identities |M;| = 0, trM; = 0, trM? = 0, i.e., matrix M; is
nilpotent M3 =0,

Mt =1—Mt+ M+, A=MM"'=M — M?1

By choosing the coordinate system, we reduce matrix M; to its Jordan form. All the eigen-
values of matrix M; are zero. Two types of Jordan matrices are possible:

000 Cit +Cs
DMy =0 0 1||=A4, d=| Cs— (Cs+6C5)t—Cut?>—Cst3 || ;
000 Cs + 2C4t + 3Cst?
010 01 —t
29)M; =10 0 1], A=|0 0 1 |,
000 00 0
Cs + (12C) — C5)t + (Cy — 3C)t2 + (2C) + C3)t3 + Cot* — O
iy = Cs + (6Cy — Cy)t — (6C) + C3)t? — Cot® + Cyt*

Cy + 205t + 3C,t? — 4C, 3

Here C; are constants.
In what follows, matrix C' is non-zero.
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3. INTEGRALS FOR LAGRAGNE MODEL AND ITS MODIFICATION

The symmetric part of matrix equation of model (1.5) reads as
MTM" + M"™"M = 28,. (3.1)
Anti-symmetric part of matrix equation (1.5) is integrable
MTM' — MTM =2E <& >, &J=tdy+ . (3.2)

Here initial conditions (1.6) are taken at ¢y = 0.

Equations (1.5) admit a translation along ¢t. We shift initial conditions at &y # 0 into
to = — (o - &1 )|o| 2, so that the transformed vector &) = tody + &1 is orthogonal to vector do.
It is equivalent to the identity

at t() = 0.
Matrix M can be represented as the product of an orthogonal and symmetric matrices

M=QA QQ"=1I, A=A, [Al=1, |Q=1,

AO)=1, Q(0)=1, AN(0)=S5,.

Matrix F < ¢ >= QTQ’ is anti-symmetric, ¢(0) = ;.
We write integral (3.2) as

AN —ANA+2E <A '7>=2E <& > .
It determines matrix
E<q@>=FE<Ad>+271 (A A = AATY). (3.4)
By (3.4), equation (3.1) is represented as
(AY" = ((A*) —2E < J >)A2((A*) +2E < & >) + 4S,. (3.5)
Initial conditions (1.6) are written as
A%(0) =1, (A*)(0)=2S;, trS; =0, (A*)"(0)=2(M]M + S). (3.6)
It is convenient to represent symmetric matrix A? as
A?=0DO", D =diag(\, A, A3), OO =1, |0]=1.
By choosing the coordinate system, the initial conditions can be represented as
O(0)=1, D(0)=1, D'(0)=25. (3.7)
The rotation matrix O can be defined by the vector of angular velocity &
O'=0E<d>.
Scalar equation (1.5) reduces to a simple form

|D‘ = )\1)\2)\3 = 1.
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4. SIMPLEST SOLUTION
System (3.5) is compatible. Indeed, as A? = I, identities (3.5), (3.6) imply compatibility
conditions for the parameters
So=E<d>% S1=0 = &y=0, Sy=FE<d >*£0. (4.1)
For these values of parameters, identity (3.4) yield the relations
Q=QE<d, > M=@Q, 0(0)=

Matrix equation is integrable () = exp(tF < &; >) and it follows that matrix @) and £ < &J; >
commute.
By means of formula

B <@ %= (1)|g (1 = 2L g
1 ( )| 1| ( |w1| |w1|)

we calculate the matrix exponent

M = exp(tE < @& >) =I cos(t|@1]) + sin(t| ) B < =L >

|1
&y &y
+ (1 — cos(t|wi])) —=— ® —.
( ( ’ 1|)) |LU1| |w1|
Vector equation (1.5) becomes
—) — — — CU —
Ty = ¢eos(t|d]) + (1 — cos(t|w1])) % 1|2( - 0) + sm(t|w1|)ﬁ C.
1 Wi

Integrating, we get

—

. C _ cos(t|wi|), &1 . .
= t 271 :
Ty "GP cos(t|w1]) + ( + GE e
. 5 (,31 5 5 (,31 X C c (,31 oS
— SIn(H@ ) s X E -t - :
sin( ’MD’@’?’ c+t(c + AL AE ’&1’4% c,

where ¢ and ¢ are constant vectors.
Vector iy is determined via expression (1.1) by the formula

1_1:() :fg—a_}l X fo.
If A> = I, the motion of the media goes as the solid state motion [6, Sect. 1].
The statement is valid: condition Sy = E < &; >? is necessary and sufficient for the

existence of the simplest solution. It can be proven straightforwardly, but it is also implied by
the following statement on absence of other solutions.

5. ON ABSENCE OF OTHER SOUTIONS

Apart from solutions with linear in time matrix M and simplest solutions with unit matrix
A? = I, equation (1.5) has no other solutions. For the planar case, it was proven in [4]. In
the planar case, the eigenvalues of matrix A? are equal to one: D = I. In the spatial case, the
eigenvalues of matrix A? satisfy the relations \; > 0, \A\2A3 = 1. By the separation theorem
for singular numbers [5], the inequalities

O< A <I<A<I<N

hold true. Hence, /\2 = ]., /\1 = d, )\3 = d_l and D = d€11 + €99 + d_1€33. Hereinafter €ij is
the 3 x 3 matrix whose entry at the intersection of i row and j** column is one and all other
entries are zero.
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As an independent variable, it is convenient to choose the values of function d(t), d(0) = 1.
Function t(d) is inverse for function d(¢). Equations (3.5) become

2A21 — 202 = (A2 — 2(F < & >)AT3(A2 + 2(E < & >) + 4625, (5.1)

A2(1) =1, A%(1) =245, (5.2)

where the dot stands for the derivative w.r.t. variable d.
Function ¢(d) is represented by the series

t=t(d—1)+ ) ti(d—

As t; # 0, change t;t;" — t;, 120y — &, 116, — &1, 1359 — Sy, 1.9 — S; makes t; = 1.
Matrix A? is represented as

A? = Odiag(d,1,d™ O =T+ (d —1)(G, — d™'Gs), (5.3)
A2=1+(d—-1)(Gs—d'Gy), (5.4)

where Gj, = Oe O, G: = G, O(1) = I, G1G3 =0,
Gr = ad(3)Gr,  Gr(1) = ex. (5.5)

Condition (5.2) implies the identity e;; —e33 = 25;. As d = 1, equation (5.1) determines the
matrix

SD = E < (,31 >2 —{—ad(&'o + 2_1071)(611 — 633) — 4_1611 + 4_13633 — t2(611 — 633), (56)
where (1) = &y. Here we have used the standard notation for the commutator of matrices
ad(d)S=F<d>S—-SE<d>.

All the quantities involved in equation (5.1) are expressed via functions ¢, & and parameters
Wo, W1 related by four scalar identities Sowy = 0, &g - & = 0:

A2 =Gy —d2Gs + (d — 1)ad(5)(G1 — d'Gs),
A? = 2d7°Gy + 2ad(5)(Gy — d%G3) + (d — 1)(ad(3) + ad(6)?)(G1 — d ' Gs).
The solution to (5.1) is represented by the series
t=d—1+)» ti(d—1)", =) &(d-1). (5.7)
i>2 i>0
After substituting matrix (5.3), equation (5.1) can be written as
4H(d3G3 + ad(F) (G — d2G3)) — 2t(Gy — d*Gs) — (G + d*G3)
+ 2t%ad(@, ) (G — d2G3) — 4f*[ad (G + 271 ) (e11 — es3) — 47 ey + 47 '3es3 — ta(en; — es3)]
= 2t(d — 1)ad(¢)(G1 — d"'Gj) — 2t( 1)(ad(3) + ad()*)(G1 — d ™' Ga)
+i(d—1)[a ()(G1+d3G3) 2d—1)(G1E <& > Gs— GsE <& > Gy)]
+t(d - 1)*(ad(5) (G 103)) — 2t%tad(@)[G1 — d G + (d — 1)ad(6)(G1 — d™'Gs))]
— 2t(d — 1)ad(@))ad(¢) (G, — d ' G3) — 4%t (tE < &y > +wp @ wy + w1 @ wp)
+ (d — 1[Gy — d*Gs + (d — 1)ad(¢)(Gy — d 'G3) — 2tE < & >|(Gs — d'G1)[Gy — dGs

+ (d — 1)ad(7)(Gy — d~'Gs) + 2tE < & >].
(5.8)
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Vanishing of the coefficient at d — 1 in equation (5.8) gives the matrix identity
—12(t3 — 2t3)(e11 — es3) — 4trad (55 + &) (e11 — ess) + 4ta(err — Hess)
+ ad(Go)(11ess — e11) + 4ad(@ )ess + 6(ad(51) + ad(55)?) (e11 — es3)
— 12tzad(dy)(e11 — es3) — ad(do)(e11 + es3) + 2ad(dp)(e11 — es3) + 4ad(wy)ad(dp)(e11 — es3)
+ 4ddg @ Wy + 4y ® Wy + €11 — ess + 2ad(dy)(enn + e33) +4E < &y > (es3 —enn)E < &y >=0.
The trace of this matrix identity determines the parameter
ty = =271 + 471 ((w))” = (w1)?).
The upper diagonal elements determine the parameter
12t5 =5 — (w})* + (w1)* +27'3((w})* = (w1)*)* — 12(0g)* — 24(0)*
— 8wiop — 16w?opy — Swiw; — 4(w?)?.
Non-diagonal entries determine vector ;. Middle diagonal entries give the equation
3(00)? — 3(0p)? + 2wiop — 2wiop + 2wiw? + (W) — (wy)? = 0. (5.9)
The identity Sowp = 0 determines vector &y for wiwaws # 0:
dwgwi (g + 27 wi) =7 ((wg)? — (wp)® = (wp)?) + 47" ((wp)* + (w5)?)
+47 ((wo)” = (wg)*) ((w1)* = (wi)?),
wo (0 + 27 wy) =2wy (0 + 27 'wp) +wp (@ — 471 + 47 (wy)? — 47 (w))?), (5.10)
wy (0 +27wy) =205 (0g +271wP) + wp(WF — 471 =47 (wr)? 47N W))P).

Thus, we have two equations (5.9) and &y - &J; = 0 for six parameters.
If w2 =0, wiws # 0, by (5.10) we find o3 and we have three equations

(w1)? = (Wi)*) (4] = 1+ (w1)* + (wf)*) =0

wowi + wiw? =0

3(05)" + 2w100 + (w))* = 3(00)" + 2wiop + (w1)° (5.11)
for seven parameters &y, wg, wy, 0§, op.
If wg =0, wj =0, wj #0, then 0 = —27'w}, wi = 0 and there remain two equations (5.11)

and 5(wj)? + 4(w?)? = 1 for five parameters o}, o3, wi, wi, wi.

If &y = 0, there is just one equation (5.11) for six parameters 7, ;.

If wi # 0, wy =0 (or wi = 0), we can determine o, o5 and there remain three equations
(59), (470 . (Ijl =0 and

(w)? (4 — 1) = (47 + 1)((w])* = (w1)?)
for six parameters &, wg, wy (or wl), od.

Finally, if w} = wi = 0, wi # 0, then &, = 0, (03)* = (03). There is just one equation for
four parameters &, wa.

Vanishing of the coefficient at (d — 1)? in equation (5.8) gives six scalar equations. At that,
there appear new parameters t4, G5 which are identified uniquely. There remain two equations
for the aforementioned parameters.

Vanishing of the coefficient at (d — 1)% in equation (5.8) produces six new scalar equations.
At that, there appear new parameters t5, 73, which are uniquely determined. There remain
two equations for the aforementioned parameters.

Vanishing of the coefficient at (d —1)* in equation (5.8) implies six new scalar equations. At
that, there appear new parameters tg, 74, which are uniquely determined. There remain two
equations for the aforementioned parameters which overdetermine the algebraic system.
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At each step, vanishing of the coefficient at (d — 1)* in equation (5.8) determines parameters
t(k+1), 0% and add two new equations for the aforementioned parameters.

Thus, we obtain an infinite chain of equations for the parameters whose total amount is six.
This fact necessarily leads us to the contradiction.

The original proof of the contradiction is as follows. Equations G2 = Gy, k = 1,3, have
solutions Gy, = X\p @ Mg, A2 = 1. Condition G1G3 = 0 yields X; - A3 = 0. Denoting Xa = X3 X A1,
three vectors Xl, Xz, Xg form a moving orthonormalized frame. Equations (5.5) provide the
motion of this frame:

Xk =7 X Xk, Xk<1) = gk, k= 1, 2,3 (512)
where
1 0 0
a=ol|, a=|1], &=|o],
0 0 1

and & is the angular velocity of the moving frame.
Equations (5.12) yield the identity

25:X1XX1+X2XX2+X3XX3 (513)

It follows from identities G = G}, and (5.13) that functions X, @ has no poles for each value
d.

The formulae
ad (o) Gy :Xk ® XM+ M ® Xm
(ad (&) + ad(3)2)Gr =Nx © N + e @ Np + 20 X N
hold true, and due to them equation (5.8) becomes
Q2N @ N+ 245 (M @ M+ M1 @ N1) — 2d(Ng @ Ny + Ny © Ng)
F A= D0 @3+ M @ M)+ d(d — 1) (s ® Xg + Xg © Ng + 2Xg X Xs)]
BN, @ Ny — Xy @ Mg+ d2(d — )N ® Xy + M @ N1) — d(d — 1) (N @ Ny + Xy ® Ng)]
—Hd2N, @ Ny — Ng @ Ng + d2(d — 1) (N ® A+ My @ M) — d(d — 1)(Ns © Ng + N @ Ng)
— 2dPE < 1@y + &y >](d] 4 (d = 1)(dXs ® X — X ®@ A)[d>X; @ N
R @ N E (A= D @ X+ A @ M) —d(d—1)(Xs ® Xg + Xy @ N)
+2d*E < tdy + &) >] + 4d°E S,

The coefficients at ¢, £, £ have no poles at the point d = 0. The leading terms of the asymptotics
for these coefficients provide the approximate identity

(£ + 27 dH) Nos ® Nos ~ —d2E3[((1@ + @1) X A1o) @ ((t&g + &1) X Aro) + dSo), (5.14)

where Ay = Xk(O)
Suppose that function ¢(d) has a pole-like singularity at point d = 0: t =t_;d 7+...,t_; #0,
j > 0. Then identity (5.14) has the following leading terms:
2715(j - 1)t—jX30 ® Ago = t2,5°d™Y (o x Mo) ® (@o X Aro).
It implies the identity Xjg = k&y. In view of the obtained relation, identity (5.14) has the

following main terms:

2715(j — 1)t_jXs0 ® Xgo t2 5% (&) X Ao) ® (@1 % Ar).
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It implies the identity Xlo = [&;. Scalar product of the obtained relation leads us to the
contradiction: ~

1=X\, =kldy-&, =0.
Thus, function #(d) has no singularity at zero. Let ¢t = to + txd* + ..., k > 0, then (5.14) has
the following leading terms:

2_11{?(1{? + 1)th03 X Xog ~ kstid2k+2[((t0(ﬁo + ﬁl) X X10> X ((tou_}o + &51) X X10> + dSO]
It yields that ¢, = 0, k > 0 and t is constant, the contradiction.
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