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ON COMPATIBILITY CONDITIONS AND MANILOLDS OF
SOLUTIONS TO ONE CLASS OF
OVERDETERMINED SYSTEMS OF SECOND ORDER
PARTIAL DIFFERENTIAL EQUATIONS

R. PIROV

Abstract. In the work we consider a class of overdetermined system of second order
partial differential equations for one unknown function involving one or two second order
derivatives in the right hand side. We find the compatibility conditions and prove theorems
on existence and uniqueness of solutions involving at most six arbitrary constants.
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1. INTRODUCTION AND FORMULATION OF THE PROBLEM

In monograph [I], systems of first order partial differential equations with one unknown
function were considered. In [2] and [3], there were studied some second order quasilinear
system of equations for one unknown function. These studies were continued in works [4]-[6].

In the present work we consider nonlinear systems of four second order differential equations,
where the unknown function depends on three independent variables and the right hand sides
involve nonlinearly one or two of the derivatives Uy, Uyy, U.., Uy, Uy, Uy..

We restrict ourselves by considering one system in each group, namely:

UxxanyaUJ:zaUyz = fi(x,y,z, U, U$7Uy7U27Uyy)7 1= 174 (11)
and
UararaUJ:yaUl‘ZaUyz = fi(x,y,z, U, UxaUyaUzaUyyaUzz)a ( :17—4' (1'2)

Using the same notation f? in systems (LT)) and (L2)) for the functions depending on various
amount of the arguments (8 and 9, respectively), is justified by the fact that these systems
are studied independently. In these systems U = U(x,y, z) is the unknown function which is
sought in class C*(Ily); here

HOZ{(x,y,Z):|:E—x0|<a,|y—y0|<a,|z—zo|<a}
for some a > 0.
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The main method of studying the above mentioned systems is replacing the first and second
order derivatives by new functions, passing to systems with more variables and establishing
connection with quite well studied total differential systems (TDS) (see, for instance, [2]).

2. STUDY OF sYSTEM (L1

We consider first system (ILI)). By II = II(a, b) we denote a rectangle in space R® introduced
by the inequalities:

|z — 0| < a, ly — yo| < a, |z — 2| < a, U —Up| <0,

Superscript “0” stands for the value of a function at point (o, yo, 20). Let f* € C?*(I),i =1, 4.
We make the change U, = p(z, vy, 2), U, = q(z,y, 2), U, = W(x,y,2), Uy, = q, = 7(x,y, 2).

Then we have obvious identities: p, = ¢, ¢. = W, and p, = W,. Under these changes system
(LT) becomes:

U, = P(z,y,2), Uy=q(z,y,2), U,=W(z,y,z2),

Pas Py 0= = ['(2,9,2,U,p, g, W, 7), i =1,3,

@ = (@9, 2U0,p,0,W,T), ¢=1 ¢ = f(x,y,2Up,g W),

W, = f2(a,y,2U,p,g,W,7), W, = fz,y,2U,p,g,W,7).

(2.1)

The identities for the mixed derivatives py,. = D.y, @yz = Qzy; Gay = Qya a0d ¢y = @z, by simple
transformations lead us to the equations:

fwWe + f77. = By =f) = F2+ foa = foW

(2.2)
[ 2= [ = for = fif + fv fU (= LY,
—frry o= [+ foa + P4 i+ fv (= L), (2.3)
= [y = I+ foa+ B+ i+ i fU (=LY, (2.4)
fI?VWz + fsz - f;—sz :f;l - f;? + fléjp - fl%W + f;)lfl
203 | pdr2 204 | 4 (3 4 (2.5)
As fi #0and f2f2 — 240, by 22)-(2.5) we find algebraically W,, 7, 7, and 7, as
WzaTyaTaraTz = fj(x,y,z, U,p,q,VV,T), ] = ma (26)

where
fwf?=L" = 212+ f1f°,
(21— f) 5 = L' = L' = fAp°, 2.7)
JI= D = I
Joining (2.6) and (2.1]), we arrive at TDS w.r.t. five unknown functions. The identities for the
mixed derivatives py, = Dy, Goy = Qyos Qyz = Qzy in systems (2.1) and (2.6]) can be checked by

simple calculations; they also used in completion of the system. Other nine identities q., = q,.,
Pzy = DPyxy Pza = Pzz, ny = Wyza Wyz = Wzya sz = sza Tey = Tyzs Tyz = Tzy and Tez = Tax
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are finally transformed to the following functional relations:

H'(2,y,2U,p,q, W.m) = 24+ foW + £ 2+ £ 11+ fof + 767

—fo = fop— o f = £ = fw P = =0,
H(x,y,2,U,p, ¢, W, ) = fy + fha+ [, 12+ fim + fa f'+ 1S

—fa—fop—fh = £ = 2T =0,
H(w,y,2:U,p,q, W.7) = fo+ foW + [ P+ [o S+ o f? + 2

—fo—fop— o f =1 = fwf = =0,
HYz,y,zU,p, ¢, W,m) = [} + foa+ [P+ [+ f f + S

—~fo = fop— Lo f = £ = fwf = =0,
H(x,y, U, p,q, W, ) = f1 + oW + £ P+ [+ fw

—fy = fof = L = fir = fw = £ =0,
Ho(x,y, U, p,q, W, ) = [+ oW + [P+ [0+ f

—fo—foft =L =R = - R =0,
H'(z,y,2U,p,¢, W, ) = f + [ha+ [ P+ [+ f f* + 1L

~fo—fop— o f = £ = fwf = =0,
H¥x,y, U, p,q, W, r) = 2+ oW + [P+ [ 1+ fof” + 121°

—fy = foa— L= fir = fwf = £ =0,
H(z,y,2:U,p,0,W,m) = f1+ fiW + [ 2+ [+ Fo £+ L

—fo—fof =L =R - P - R =0

Since (2.1) and (2.6) are obtained by equivalent transformations from (L.II), the initial con-
ditions for this system are defined by the formulae

[Ulo=c1, [UJo=ca, [Uyo=c3, [UJo=cs, [Uylo=cs. (2.9)

On the basis of the above described scheme of the study transforming a nonlinear system to a
quasilinear total differential system, the next theorem is proved.

Theorem 2.1. Let f' € C*(IT), f2, # 0 and f2f* — f2 # 0. If all nine conditions (2.8) and
o < min (a,b/M), M = maz|f| hold true identically w.r.t. U, U,, U,, U,, Uy, then problem
(1), (29) in (a,b) is uniquely solvable in C*(Ily).

In other words, under the conditions of Theorem [2.1], the manifold of solutions to system
(L) contains five arbitrary constants ¢, ¢z, c3, ¢4 and cs.

Remark 2.1. Assume that one of conditions (28] does not hold identically and assume that
it leads to the relation 7 = ¢(z,y, 2,U, U, U,, U,), ¢ € C'(II). Then the solution contains four
arbitrary constants cy, ..., cy.

Let us provide two examples demonstrating Theorem 2.1l and Remark 21l As the first
example we consider an overdetermined system: U,, = Uy, Uyy = U, U, = —Uyy, Uy, = —U,,.
After appropriate changes this system is reduced to TDS w.r.t. five unknowns U, p, ¢, W and
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'Ux:pa Uy:qa Uz:I/Va

Pz =T, py = W7 P = —T,

Qe = W7 qy =T, q = —T, (210)
Wy=—1, Wy=-7, W,=r,
Te =—T, Ty=-T, T,=T.

\
The assumptions of Theorem 2Ihold true; in particular, relations (2.8) are satisfied identically.
Therefore, the considered system is compatible. It is easy to see that its solution is the function
Ulx,y,z) = cre "V 4 co(ay + 2) + ey + cax + 5.

As the second example, we consider the overdetermined system: U,, = U,, U, = U,
Uy, = =Uyy, Uy, = Uyy. It is reduced to TDS

(Ux:pa UyZQ> UZ:I/V,
Pz =D, py:VV, Pz=—T,
=W, ¢=7¢=r, (2.11)
Wy=-1, Wy=1, W,=r,

(T2 =T, Ty =T, T,=—T.

All relations (28] hold true identically except the relation corresponding to the identity P, =
P,,. This relation leads us to the equation 7 + W = 0. By Remark 2.1l this system is reduced
to TDS for four unknown functions:

Ux:pa UyZQ> Uz:I/Va
Pz =D, py:VVa pz:VVa
%&ZVV, qy:_VVa qz:_VVa
W, =W, W,=-W, W,=-W.

(2.12)

Therefore, the considered system is compatible; it is easy to see that its solution is the function
U(z,y,z) = —c1" V7% 4+ coy + c3e” + ¢4.

3. StuDY OF SYSTEM (.2

We proceed to nonlinear system (L2). By II = II(a,b) we denote a rectangle in space R?
defined by the inequalities: |z — x| < a, [y —vo| < a, |2 — 20| < a, |U = Uy| < b, |U, — U?| < b,
Uy = U] < b, U, = U <b, |Uyy — Uy, | <b, |U.. = UL| <b. Let f* e C*(IN), i =1,4.

U,, =W, =0(x,y, z) transforms system (.2]) in the following quasilinear first order system
Um:Pa Uy:(L Uz:VVa
P:B:fi7 Py:f27 PZ:f37
qg::f2u qQy = T, q,z:f47
Wx:fga Wy:f4a sze

(3.1)

We note that the made change ensures p, = ¢,, ¢. = Wy, p. = W, identically. The identities
Pzy = Pyz, Qzy = Qyz, Wa:y = Wya:a Pzz = Pzzs Qzz = Qza, sz - Wzam Pyz = Pzyy Qyz = Qzy,
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W,. = W, lead us to the following nine equations
[T oy = [500 + fy0y = £+ fop+ f P P
—fy = foa—fya— 11 = fyr = fw f,
To = Jomy = fg0y = fy + foa+ L1+ fim+ i Y,
— [+ Fi1y = fole + £30y = [y + fup+ L+ S+
—fy = foa— £, 12 = fw £,
[T+ i = [300 + £30. = [+ fop+ [+ PP+ fa
—fr = foW = £, = fi f = fb,
—fiTe 2 = f300 150 = i+ fop+ L L R
— 2= oW = £ = i = fl,
— 00— [50. = 2+ oW+ P+ 0+ e,
— [y i = f30y + f30. = ) + foa+ [P+ fa = 12
— oW = £31° = 2t = fivo,
— [yt 7= foby =y + fha+ o ST+ e S
— [0y — o0 = L2+ SoW + £+ i+ fwd.
Since in some neighbourhood of point (zg, yo, z0; U°, UL, UJ, UL, U}, U?,) the rank of the 6 x 9

yyr ¥ zz
matrix

=20 ff fi 0

1 —f2 0 0 —f2 0
-0 —fy ff 0
-0 o =ff 0 f;

N R (33)
0 0 —f 1 0 —f
0 —f2 £ 0 —f P
0O —ff 1 0 —ff 0
0 0 —sf 0 1 —f

formed by the coefficients at the derivatives 7, 7,, 7., 0,, 6,, 0. is equal 6 (that can be checked
by straightforward calculations), by (3.2]) we find

7—$7Ty’7—z’9$70y’92:fk(x’yﬂz; U7p’Q7WT’9)’ k:5’ ]'0' (3'4)
We observe that functions f*, k = 5,10, are expressed explicitly via functions f!,..., f4,
and their first partial derivatives. Joining (3.4) and (B.1), we arrive at TDS for six unknown

functions U, p, ¢, W, 7, 0:

(U, =P, U,=¢q, U, =W,
pe=f' py =1 p.=f
&= a=1 ¢=f
W, = f° W,=f' W.=49,
=1, 7= n=f,

\9$:f8’ ey:fga z:flo'
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In system (B.5) equivalent to (L2) first 12 identities for mixed derivatives hold true immedi-
ately while other six 7., = Tya, Ty = Toys Taz = Tazy Opy = Oy, 0. = 0.y, 05, = 0., after simple
transformations lead to six functional equations

H' (2,9, 2:U.p,q, W, 0) = 7 = 7+ fia = fop + [0 = fof '+ for = J3
= P fga =P+ 121 = 2P =0,
H (0.9, 2 U,p, . Wor,0) = [0 = f} + SGW = S + 110 = 2 fo = £y
Hf0 = f A T = S =0,
H(2,y, 20U, p.q. W,,0) = f2 = L+ foW = fip+ [ = [+ f0f* = £
Hfl = f P = R B =0,
HY(w,y, 2:U.p,q, W, 0) = [ = 24 foa = Sop + F17 = 3+ fir = £
it =P B+ = =0,
H(2,y,5U,p.q. W.r,0) = f2 = £,° + f5W = fia+ £ = (08 + 11!
— [T fwl = f A T = R+ £ =0,
H(,y, 2:U.p,a, W, 0) = f2 = [0 JGW — [0+ f0° = BT+ 50 = 10F
Il = WP+ B = R0 B = £ =0
It is clear that if in some neighbourhood of the point (zg, yo, 20; Uo, Po, 90, Wo, 7o, fo) the identities
Hi(x,y,2;U,p,q,W,7,0) = 0, i = 1,6, hold true, then system (3.5) is completely integrable
and we can apply total differential theory [7], [§] to the following problem with initial data:
[Ulo=c1, [plo=co, lglo=c3, [Wlo=cs, [rlo=0¢5 [0]o=cs,
which in comparison with original system ([L2)) is transformed to the problem

Ulo=c1, [Uo=rc2, [Uyo=cs, [UsJo=ca, [UwzJo=0¢5 ~[Us:)o = cs. (3.7)

(3.6)

Theorem 3.1. Let f* € C*(II) and in some neighbourhood of the point
(w0, y0, 203 U”, Uy, Uy, U2, Uy, U7

xx? ZZ)

the identities H' =0, i = 1,6, hold true, where functions H' are introduced by formulae (3.0).
Let o < min (a,b/M), M = maz|f*|. Then problem (IL2), (3.7) in T(«,b) is uniquely solvable
in class C*(Ty).

In particular, this theorem implies that under its assumptions, the manifold of the solutions
to system ([L2]) contains six arbitrary constants cy, .. ., cg.
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